Abstract-In this paper, we construct the binary linear codes C(SL(n, q)) associated with finite special linear groups SL(n, q), with both n,q powers of two. Then, via Pless power moment identity and utilizing our previous result on the explicit expression of the Gauss sum for SL(n, q), we obtain a recursive formula for the power moments of multi-dimensional Kloosterman sums in terms of the frequencies of weights in C (SL(n, q) ). In particular, when n = 2, this gives a recursive formula for the power moments of Kloosterman sums. We illustrate our results with some examples.
I. INTRODUCTION
Let ψ be a nontrivial additive character of the finite field F q with q = p r elements ( p a prime), and let m be a positive integer. Then the m-dimensional Kloosterman sum K m (ψ; a)( [9] ) is defined by (a ∈ F * q ). In particular, if m = 1, then K 1 (ψ; a) is simply denoted by K(ψ; a), and is called the Kloosterman sum. The Kloosterman sum was introduced in 1926 [7] to give an estimate for the Fourier coefficients of modular forms.
For each nonnegative integer h, by M K m (ψ) h we will denote the h-th moment of the m-dimensional Kloosterman sum K m (ψ; a). Namely, it is given by
If ψ = λ is the canonical additive character of F q , then M K m (λ) h will be simply denoted by M K h m . If further m = 1, for brevity M K h 1 will be indicated by M K h . The power moments of Kloosterman sums can be used, for example, to give an estimate for the Kloosterman sums and have also been studied to solve a variety of problems in coding theory over finite fields of characteristic two.
If q = p is an odd prime, for h ≤ 4, M K h was evaluated by Salié [15] . For details about these, the reader is referred to Section IV. The author is with the Department of Mathematics, Sogang University, Seoul 121-742, Korea(e-mail: dskim@sogang.ac.kr).
From now on, let us assume that q = 2 r . Carlitz [1] 
in [14] . Recently, Moisio was able to find explicit expressions of M K h , for h ≤ 10 (cf. [11] ). This was done, via Pless power moment identity, by connecting moments of Kloosterman sums and the frequencies of weights in the binary Zetterberg code of length q+1, which were known by the work of Schoof and Vlugt in [16] .
In this paper, we adopt Moisio's idea to show the following theorem giving a recursive formula for the power moments of multi-dimensional Kloosterman sums. To do that, we construct the binary linear code C(SL(n, q)) associated with the special linear group SL(n, q), and express those power moments in terms of the frequencies of weights in the code. Here, in addition to the assumption q = 2 r , we restrict n to be n = 2 s . Then, thanks to our previous result on the explicit expression of "Gauss sum" for the special linear group [6] , we can express the weight of each codeword in the dual C ⊥ (SL(n, q)) of C(SL(n, q)), in terms of (n − 1)-dimensional Kloosterman sums. Then our formula follows immediately from the Pless power moment identity.
Theorem 1:
Let n = 2 s , q = 2 r . Then, for all positive integers h, we have the following recursive formula for the moments of multi-dimensional Kloosterman sums M K h n−1 :
Here N = q ( n 2 ) n j=2 (q j − 1) is the order of SL(n, q), and S(h, t) indicates the Stirling number of the second kind given by
In addition,
denotes the weight distribution of the code C = C(SL(n, q)), which is given by
where the sum runs over all the sets of nonnegative integers {ν β } β∈Fq satisfying β∈Fq ν β = i and β∈Fq ν β β = 0 (an identity in F q ), and
Here we understand that K 0 (λ; β −1 ) = λ(β −1 ). In addition, from now on we agree that
Corollary 2: Let q = 2 r . Then, for all positive integers h , we have the following recursive formula for the moments of Kloosterman sums M K h :
Here N = q(q 2 − 1) is the order of SL(2, q), S(h, t) indicates the Stirling number of the second kind as in (2), and
denotes the weight distribution of the code C = C(SL(2, q)), which is given by
where the sum runs over all the sets of nonnegative integers {ν β } β∈Fq satisfying β∈Fq ν β = i and β∈Fq ν β β = 0, and the first and second product run respectively over the elements β ∈ F * q , with tr(β −1 ) = 0 and tr(β −1 ) = 1.
II. PRELIMINARIES
The following notations will be used throughout this paper except in Section IV, where q is allowed to be any prime powers.
SL(n, q)= the special linear group,
T r(g)= the matrix trace for g ∈ SL(n, q),
Let g 1 , g 2 ,· · · , g N be a fixed ordering of the elements in SL(n, q). Let C = C(SL(n, q)) be the binary linear code of length N , defined by:
where
Theorem 3 (Delsarte, [10] ): Let B be a linear code over
From Delsarte's theorem, the next result follows immediately.
The next Proposition is stated in Theorem 6.1 of [6] . But we slightly modified the expression there.
The following corollary is immediate from Proposition 5.
Corollary 6: The map T r : SL(n, q) −→ F q given by g −→ T r(g) is surjective.
Proof: It is F 2 -linear and surjective. Let a be in the kernel of the map. Then tr(aT rg) = 0, for all g ∈ SL(n, q). In view of Corollary 6, tr(aα) = 0, for all α ∈ F q . As tr :
The next theorem is about the Gauss sum for SL(n, q) , and is one of the main results of the paper [6] .
Theorem 8: Let ψ be any nontrivial additive character of F q . Then
For the following lemma, observe that (n, q − 1) = 1.
Lemma 9:
The map a −→ a n :
For the proof of the next proposition and the following, we borrowed an idea from the proof of Theorem 6.1 in [13] .
Proposition 10: For a ∈ F * q , the Hamming weight of the codeword c(a) = (tr (aT r(g 1 )) , tr(aT r(g 2 )), · · · , tr (aT r(g N )) ) is given by(cf. Proposition 4):
(Theorem 8, with ψ(x)=λ(ax))
(by Lemma 9)
( [9] , Theorem 2.23(v))
We are ready to determine δ(n − 1, q; β), which appears in Proposition 5.
and, for β ∈ F * q ,
Proof:
(following the steps in (7)-(9))
The sum in (10) runs over all α 1 , · · · , α n−1 ∈ F * q satisfying α So we get the desired result.
Combining Propositions 5 and 11, we get the following corollary.
Corollary 12: Let
with the convention that K 0 (λ; β −1 ) = λ(β −1 ).
III. PROOF OF MAIN RESULTS
In this section, we will derive the recursive formula (1) for the power moments of multi-dimensional Kloosterman sums which is expressed in terms of the frequencies C i of weights in the code C = C(SL(n, q)). [10] ): Let B be an q-ary [n, k] code, and let B i (resp. B ⊥ i ) denote the number of codewords of weight i in B (resp. in B ⊥ ). Then,
Theorem 13 (Pless power moment identity,
where S(h, t) is the Stirling number of the second kind defined in (2) .
Theorem 14 ([8]):
Let q = 2 r , with r ≥ 2. Then the range R of K(λ; a), as a varies over F * q , is given by
In addition, each value t ∈ R is attained exactly H(t 2 − q) times, where H(d) is the Kronecker class number of d.
Theorem 15 ([2]):
For the canonical additive character λ of F q , and a ∈ F * q ,
Let u = (u 1 , · · · , u N ) ∈ F N 2 , with ν β 1's in the coordinate places where T r(g j ) = β, for each β ∈ F q . Then we see from the definition of the code C = C(SL(n, q))(cf. (4), (5) ) that u is a codeword with weight i if and only if β∈Fq ν β = i and β∈Fq ν β β = 0 (an identity in F q ). As there are β∈Fq n β ν β many such codewords with weight i, we obtain the following theorem.
be the weight distribution of the code C = C(SL(n, q)). Then, for 0 ≤ i ≤ N ,
where n β is as in (11) , and the sum runs over all the sets of nonnegative integers {ν β } β∈Fq satisfying β∈Fq ν β = i and β∈Fq ν β β = 0(an identity in F q ).
Corollary 17:
be the weight distribution of the code C = C (SL(n, q) ). Then, for 0 ≤ i ≤ N ,
Proof: Under the replacements ν β → n β − ν β , for all β ∈ F q , the first sum in (15) is changed to N − i, while the second one in (15) and the summands in (14) are left unchanged. Here the second sum in (15) is left unchanged, since β∈Fq n β β = 0, as one can see by using the explicit expression of n β in (11) .
be the weight distribution of the code C = C(SL (2, q) ). Then, for 0 ≤ i ≤ N ,
Proof: For n = 2, we see from (11) that n β is given by
Corollary 19: Assume that r ≥ 2, and that
is the weight distribution of the code C = C (SL(4, q) ). Then, for 0 ≤ i ≤ N ,
where the sum runs over all the sets of nonnegative integers {ν β } β∈Fq satisfying β∈Fq ν β = i and β∈Fq ν β β = 0,
(q j − 1) + 1},
for all integers t satisfying |t| < 2 √ q and t ≡ −1(4).
Proof: Note here that, for n = 4, and β ∈ F * q ,
Now, invoking Theorem 14, we obtain the result.
We are now ready to prove Theorem 1, which is the main result of this paper. To do that, we apply Pless power moment identity in (12) , with B = C ⊥ (SL(n, q)). Then, in view of Proposition 7 and utilizing (6), the left hand side of (12) is given by
On the other hand, noting that dim C ⊥ (SL(n, q)) = r (cf. Proposition 7), the right hand side of (12) is given by
Here the frequencies C i of codewords with weight i in C = C(SL(n, q)) are given by (14) . 
Here N = q 6 4 j=2 (q j − 1) is the order of SL(4, q),
denotes the weight distribution of the code C = C (SL(4, q) ) given by (16) , and S(h, t) indicates the Stirling number of the second kind as in (2).
IV. REMARKS
Here we will briefly review the previous results on power moments of Kloosterman sums M K h , and make some comments on our result in (3). For any q = p r (p a prime),
For h ∈ Z ≥0 , define M h as:
for h > 0, and M 0 = 0.
Then, as one can see, (q − 1)M h−1 = A h , for any positive integer h. So (18) can be rewritten as
Salié obtained this form of expression for M K h already in [15] , for any odd prime q. Iwaniec [5] showed the expression (18) for any prime q. However, the proof given there works for any prime power q, without any restriction. Also, this is a special case of Theorem 1 in [3] , as mentioned in Remark 2 there.
Let q = p be any prime. Then
(with the understanding ( −3 2 ) = −1, ( −3 3 ) = 0),
Salié obtained these results in [15] by determining M 1 , M 2 , M 3 , and Iwaniec got these ones in [5] by computing A 2 , A 3 ,A 4 .
Except [1] for 1 ≤ h ≤ 4 and [14] for h = 6, not much progress had been made until Moisio succeeded in evaluating M K h , for the other values of h with h ≤ 10 over the finite fields of characteristic two (Similar results exist also over the finite fields of characteristic three [4] , [12] ). His results are as follows:
